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Abstract
We determine all hyperplanes of DW(2n − 1, q), q = 2, without ovoidal quads. We will show that each such hyperplane either
consists of all maximal singular subspaces of W(2n− 1, q) which meet a given (n− 1)-dimensional subspace of PG(2n− 1, q) or
(only when q is even) arises from the spin-embedding of DW(2n − 1, q).
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1. Introduction
1.1. Basic deﬁnitions and Main Theorem
Let  be a nondegenerate polar space of rank n2. With  there is associated a point-line geometry  whose
points are the maximal singular subspaces of , whose lines are the next-to-maximal singular subspaces of  and
whose incidence relation is reverse containment. We call  a dual polar space [3]. Every dual polar space is a near
polygon [6,18] which means that for every point p and every line L, there exists a unique point on L nearest to p. The
distance d(x, y) between two points x and y of  is measured in the point or collinearity graph of . For every point
x, for every nonempty subset X of the point-set P of  and for every i ∈ N, we deﬁne i (x) := {y ∈ P | d(x, y) = i},
∗i (x) := {y ∈ P | d(x, y) i}, x⊥ := ∗1(x), d(x,X) = min{d(x, y) | y ∈ X}, i (X) = {y ∈ P | d(y,X) = i}
and ∗i (X) = {y ∈ P | d(y,X) i}. If X1and X2 are two nonempty sets of points, then we deﬁne d(X1, X2) :=
min{d(x1, x2) | x1 ∈ X1 and x2 ∈ X2}.
There exists a bijective correspondence between the nonempty convex subspaces of a dual polar space  of rank
n2 and the possibly empty singular subspaces of the associated polar space : if  is a singular subspace of ,
then the set of all maximal singular subspaces containing  is a convex subspace of . The maximal distance between
two points of a convex subspace A is called the diameter of A and is denoted as diam(A). The convex subspaces of
diameter 0 and 1 are the points and lines of . The convex subspaces of diameter 2, 3, respectively n − 1, are called
the quads, hexes, respectively maxes, of . The convex subspaces through a given point x of  determine a projective
space which we will denote by Res(x). If x and y are two points of , then 〈x, y〉 denotes the smallest convex
subspace containing x and y, i.e. 〈x, y〉 is the intersection of all convex subspaces containing x and y. More generally,
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we will use the notation 〈∗1, ∗2, . . . , ∗k〉 to denote the smallest convex subspace containing the objects ∗1, ∗2, . . . , ∗k .
If x is a point and A is a nonempty convex subspace of , then A contains a unique point A(x) nearest to x and
d(x, y) = d(x, A(x)) + d(A(x), y) for every point y of A. We call A(x) the projection of x onto A.
A hyperplane of a point-line geometry S is a proper subspace H meeting each line, i.e. every line of S either is
contained in H or intersects H in a unique point. Let  be a dual polar space of rank n2. For every point x of , we
deﬁne Hx := ∗n−1(x). Since  is a near polygon, Hx is a hyperplane of . We call Hx the singular hyperplane with
deepest point x. Suppose now that A is a convex subspace of  of diameter 1 and that HA is a hyperplane of A. By
De Bruyn and Vandecasteele [10, Proposition 1], the set H of points of  at distance at most n −  from at least one
point of HA is a hyperplane of . We call H the extension of HA.
Suppose H is a hyperplane of a dual polar space  of rank n2. A point x of H is called deep with respect to H if
x⊥ ⊆ H . A convex subspace A of diameter at least 1 is called deep with respect to H if A ⊆ H . If  is thick, then H is
a maximal subspace of  by Shult [16, Lemma 6.1], see also [1, p. 156] in the case H is a singular hyperplane.
If H is a hyperplane of a thick dual polar space and if Q is a quad of, then eitherQ ⊆ H orQ∩H is a hyperplane
of Q. Hence, one of the following cases occurs:
(1) Q ⊆ H . In this case, we say that Q is deep (with respect to H).
(2) There exists a point x in Q such that x⊥ ∩ Q = H ∩ Q. In this case, we say that Q is singular (with respect to H)
and that x is its deep point.
(3) Q ∩ H is a subquadrangle of Q. In this case, we say that Q is subquadrangular (with respect to H).
(4) Q∩H is an ovoid of Q, i.e. a set of points of Q meeting each line of Q in a unique point. In this case, we say that
Q is ovoidal (with respect to H).
A hyperplane H of a thick dual polar space  is called locally singular, locally ovoidal, respectively locally subquad-
rangular, if every nondeep quad of  is singular, ovoidal, respectively subquadrangular, with respect to H.
In this paper, we will meet two types of ﬁnite dual polar spaces: the dual polar space DW(2n − 1, q) related to the
polar space W(2n−1, q) of the totally isotropic subspaces of a symplectic polarity of PG(2n−1, q) and the dual polar
space DQ(2n, q) related to a nonsingular parabolic quadric in PG(2n, q). Recall that DW(2n− 1, q)DQ(2n, q) if
and only if q is even.
Let  be a symplectic polarity of PG(2n − 1, q) and let  be an (n − 1)-dimensional subspace of PG(2n − 1, q).
Then the set H of all maximal totally isotropic subspaces of PG(2n − 1, q) (w.r.t. ) meeting  is a hyperplane H
of the dual polar space DW(2n − 1, q) associated with , see [7]. We will call any hyperplane which can be obtained
in this way a hyperplane of subspace-type. If n is even and if  is nonsingular, then we will denote the hyperplane H
also by Hyp(2n − 1, q). By [7], a hyperplane of subspace-type does not admit ovoidal quads.
The dual polar space DQ(6, q) has locally singular hyperplanes which are not singular, see [15] or [13]. The points
and lines contained in each such hyperplane deﬁne a split Cayley hexagon H(q). We therefore call these hyperplanes
hexagonal hyperplanes.
A full (projective) embedding of a point-line geometryS is an injective mapping e from the point-setP ofS to the
point-set of a projective space  satisfying: (i) 〈e(P)〉 =, (ii) e(L) := {e(x) | x ∈ L} is a line of  for every line L of
S. For every hyperplane  of , the set H() := e−1(e(P)∩) is a hyperplane ofS. We say that the hyperplane H()
arises from the embedding e. The dual polar space = DQ(2n, q) has a full embedding e in PG(2n − 1, q), which is
called the spin-embedding of DQ(2n, q), see [5] or [2] for more details. The following proposition characterizes the
hyperplanes of DQ(2n, q) which arise from its spin-embedding.
Proposition 1.1 (De Bruyn [8]). The hyperplanes of DQ(2n, q), n2, which arise from its spin-embedding are
precisely the locally singular hyperplanes of DQ(2n, q).
Remark. The quads ofDQ(2n, q) are isomorphic to the generalized quadrangleW(3, q)which does not admit ovoids
nor proper subquadrangles as subspaces if q is odd, see [12, 3.3.1 + 3.4.1]. Hence, all hyperplanes of DQ(2n, q), q
odd, are locally singular and arise from the spin-embedding by Proposition 1.1. This result was originally shown by
Shult and Thas [17].
We can now state the main theorem of this paper.
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Main Theorem. Let H be a hyperplane of DW(2n − 1, q), n2 and q = 2, without ovoidal quads.
• If q is odd, then H is a hyperplane of subspace-type.
• If q4 is even, then H is either a hyperplane of subspace-type or arises from the spin-embedding of DW(2n −
1, q)DQ(2n, q).
Remark. The condition q = 2 in our main theorem cannot be omitted. The hyperplanes which we will meet in
Proposition 1.2(iv) + (v) and all their extensions are examples of hyperplanes without ovoidal quads.
1.2. Regarding the proof of the Main Theorem
We will prove the Main Theorem by induction on n. The cases n = 2 and n = 3 readily follow from the litera-
ture.
If H is a hyperplane of DW(3, q)Q(4, q) without ovoidal quads, then H is either a singular hyperplane or a
(q + 1) × (q + 1)-grid. By [7], H is a hyperplane of subspace-type. So, the Main Theorem holds for n = 2.
For the case n = 3, we can use the classiﬁcation of all hyperplanes of DW(5, q) without ovoidal quads which was
obtained in [9].
Proposition 1.2 (De Bruyn and Pralle [9]). Let H be a hyperplane of DW(5, q) without ovoidal quads, then H is one
of the following:
(i) a singular hyperplane;
(ii) the extension of a (q + 1) × (q + 1)-grid;
(iii) (only when q is even) a hexagonal hyperplane;
(iv) (only when q = 2) a locally subquadrangular hyperplane of DW(5, 2);
(v) (only when q = 2) a certain hyperplane of DW(5, 2) on 81 points.
Remark. Pasini and Shpectorov [11] showed that there exists a unique (up to isomorphism) locally subquadrangular
hyperplane in DQ(2n, 2) for every n2. For a description of the hyperplanes mentioned in (v) of Proposition 1.2, see
[9] or [14].
If H is a hyperplane of DW(5, q), q = 2, without ovoidal quads, then by Proposition 1.2, H is either a singular
hyperplane, the extension of a (q + 1)× (q + 1)-grid or (only when q is even) a hexagonal hyperplane. The hexagonal
hyperplanes arise from the spin-embedding by Proposition 1.1 and the singular hyperplanes and the extensions of the
(q + 1) × (q + 1)-grids are hyperplanes of subspace-type by [7].
Our next aim is to split off the case where the hyperplane is locally singular. Notice that if q is even, then any
locally singular hyperplane of DW(2n − 1, q) arises from the spin-embedding of DW(2n − 1, q)DQ(2n, q) by
Proposition 1.1. If q is odd, then every locally singular hyperplane of DW(2n − 1, q) is singular by the following
proposition.
Proposition 1.3 (Cardinali et al. [4]). Let  be a ﬁnite thick dual polar space which is not of type DQ(2n, q). Then
every locally singular hyperplane of  is singular.
It then remains to show that any other hyperplane is of subspace-type.
In the proof of theMainTheorem, it will also be necessary to deal with the case n=4 before proving the general result.
Before stating a more detailed classiﬁcation result for the case n= 4 (Proposition 1.5), we need to give a discussion of
the locally singular hyperplanes of DQ(8, q).
Let Q(8, q) be a nonsingular parabolic quadric of PG(8, q) and let Q+(7, q) be a nonsingular hyperbolic quadric
lying on Q(8, q). The generators (=maximal subspaces) of Q+(7, q) can be divided into two familiesM1 andM2
such that two generators of the same family intersect in a subspace of even codimension. Let 	 be the half-spin
geometry associated with Q+(7, q), i.e. the points of 	 are the elements of one family of generators (sayM1) and the
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lines of 	 are the one-dimensional subspaces lying on Q+(7, q) (natural incidence). The geometry 	 is isomorphic
to the point-line system of Q+(7, q). Hence, 	 admits a hyperplane whose points and deep lines determine a polar
space Q(6, q). Now, let H	 be one of these Q(6, q)-hyperplanes of 	 and deﬁne the following set H of points
of DQ(8, q).
• If  is a generator ofM2, then  ∈ H .
• A generator  ofM1 belongs to H if and only if  ∈ H	.
• A generator  of Q(8, q) not contained in Q+(7, q) belongs to H if and only if the unique element ofM1 through
 ∩ Q+(7, q) belongs to H	.
Then Cardinali et al. [4] showed that H is a locally singular hyperplane of DQ(8, q). Moreover, they were able to show
the following.
Proposition 1.4 (Cardinali et al. [4]). Let H be a locally singular hyperplane of DQ(8, q). Then H is one of the
following:
(i) a singular hyperplane;
(ii) the extension of a hexagonal hyperplane in a hex of DQ(8, q);
(iii) a hyperplane of DQ(8, q) which arises from a Q(6, q)-hyperplane of the half-spin geometry for Q+(7, q) in the
way described above.
Wewill obtain the following classiﬁcation of the hyperplanes ofDW(7, q), q = 2,without ovoidal quads. Notice that by
[7], a hyperplane of subspace-type ofDW(7, q) is either a singular hyperplane, the extension of a (q+1)×(q+1)-grid
or a hyperplane isomorphic to Hyp(7, q).
Proposition 1.5. Let H be a hyperplane of DW(7, q), q = 2, without ovoidal quads.
(1) If q is odd, then H is either a singular hyperplane, the extension of a (q + 1) × (q + 1)-grid, or a hyperplane
isomorphic to Hyp(7, q).
(2) If q4 is even, then H is one of the following hyperplanes: (i) a singular hyperplane, (ii) the extension of a
(q + 1)× (q + 1)-grid, (iii) a hyperplane isomorphic to Hyp(7, q), (iv) the extension of a hexagonal hyperplane,
(v) a hyperplane ofDW(7, q)DQ(8, q) which arises from aQ(6, q)-hyperplane of the half-spin geometry for
Q+(7, q) in the way described above.
We will prove Main Theorem in Section 4. First, we give some properties of the dual polar space DW(2n − 1, q) and
of the hyperplanes of subspace-type.
2. Two lemmas regarding the dual polar space DW(2n− 1, q)
In this section,  denotes the dual polar space DW(2n − 1, q), n2.
Lemma 2.1. If M1 and M2 are two disjoint maxes of , then there exists a unique set 
(M1,M2) consisting of q + 1
mutually disjoint maxes satisfying (i) M1,M2 ∈ 
(M1,M2) and (ii) every line meeting M1 and M2 intersects each
max of 
(M1,M2) in a unique point.
Proof. Let xi , i ∈ {1, 2}, denote the point of the polar space W(2n− 1, q) corresponding with the max Mi . Then x1x2
is a hyperbolic line of PG(2n − 1, q). Put x1x2 = {x1, x2, . . . , xq+1} and let Mi , i ∈ {3, . . . , q + 1}, denote the max
of  corresponding with xi . One easily veriﬁes that the set 
(M1,M2) := {M1,M2, . . . ,Mq+1} satisﬁes all required
properties. 
Lemma 2.2. IfM1 andM2 are two disjoint maxes of  and if x is a point of  not contained in any max of
(M1,M2),
then x is contained in a unique quad intersecting each max of 
(M1,M2) in a line.
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Proof. SupposeQx is a quad through x meeting each max of
(M1,M2) in a line. ThenQx contains the points M1(x)
and M2 ◦ M1(x) and hence coincides with the unique quad Rx containing x, M1(x) and M2 ◦ M1(x). Obviously,
Rx meets each max of 
(M1,M2) (necessarily in a line). 
3. Some properties of the hyperplanes of subspace-type
Let  be a symplectic polarity of PG(2n − 1, q), n2, and let W(2n − 1, q) and  = DW(2n − 1, q) denote the
corresponding polar and dual polar spaces. Let  be an (n − 1)-dimensional subspace of PG(2n − 1, q) and let H
denote the corresponding hyperplane of subspace-type of DW(2n − 1, q). By [7], H does not admit ovoidal quads.
Lemma 3.1. If  is a maximal totally isotropic subspace of W(2n − 1, q), then dim( ∩ ) = dim( ∩ ).
Proof. Put =  ∩  and k = dim(). The space  has dimension 2n − 2 − k and contains the (n − 1)-dimensional
subspaces  and . Hence, dim( ∩ )k = dim( ∩ ). By symmetry, also dim( ∩ ) dim( ∩ ). 
Corollary 3.2. H = H .
Consider now the following three types of points in H := H:
(1) Maximal singular subspaces  for which dim( ∩ ) = dim( ∩ ) = 0 and  ∩ =  ∩ .
(2) Maximal singular subspaces  for which dim( ∩ ) = dim( ∩ ) = 0 and  ∩  =  ∩ .
(3) Maximal singular subspaces  for which dim( ∩ ) = dim( ∩ )1.
Lemma 3.3. Let  be a point of .
(1) If  is a point of type (1), then there exists a unique deep max A() through  and the lines of  through  which
are contained in H are precisely the lines of A() through .
(2) If  is a point of type (2), then there are two distinct deep maxes A1() and A2() through  such that the lines
through x contained in H are precisely the lines through x which are contained in A1() ∪ A2().
(3) If  is a point of type (3), then  is a deep point.
Proof. If  is a point of type (3) of , then every (n − 2)-dimensional subspace of  contains a point of . It follows
that every line through  is contained in H. So,  is a deep point of .
Let  be a point of type (1) of  and let x denote the unique point of W(2n − 1, q) contained in  ∩  =  ∩ .
Let  be an (n − 2)-dimensional subspace of . If  contains the point x, then  obviously is a deep line. If  does not
contain the point x, then  ∩ = {x}, and it follows that  is the unique point of the line  contained in H. (If  ∩ 
would be a line L, then L must be a singular line and 〈, L〉 would be a singular subspace of dimension n, which is
impossible.) Hence, there exists a unique deep max A() through  and the lines of  through  which are contained
in H are precisely the lines of A() through .
Let  be a point of type (2) of  and let x1 and x2 be the points of W(2n − 1, q) contained in  ∩  and  ∩ ,
respectively. Let  be an (n − 2)-dimensional subspace of . If  contains at least one of the points x1 and x2, then
by Lemma 3.1, every maximal singular subspace through  meets , proving that  is a deep line. Suppose now that
 ∩ {x1, x2} = ∅. If ′ =  is a maximal singular subspace through  meeting  in a point x = x1, then  = x⊥ ∩ 
contains the point x2, a contradiction. So, if ∩{x1, x2}=∅, then  is the unique point on the line which is contained
in H. It follows that there are two deep maxes A1() and A2() through  such that the lines through x contained in H
are precisely the lines through x which are contained in A1() ∪ A2(). 
Lemma 3.4. If 1 ∈ H and 2 ∈ H are two points of type (2), then there exists a path between 1 and 2 which
entirely consists of points of type (2).
Proof. We distinguish two cases.
Case I: 1 ∩=2 ∩. Then 1 ∩=2 ∩ determines a deep max M which only consists of points of type (2) and
(3). One easily veriﬁes that if x1 and x2 are two distinct collinear points of type (3) in M, then also every point of the
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line x1x2 is of type (3). We will now prove by induction on d(x, y) that any two points x ∈ M and y ∈ M of type (2)
are connected by a path which entirely consists of points of type (2). Obviously, this holds if d(x, y)1. So, suppose
d(x, y)2. Let Lx and Ly denote lines of 〈x, y〉 through x and y, respectively, such that Ly is not contained in 〈y, u〉,
where u is the unique point of Lx nearest to y. Then every point of Ly has distance d(x, y) − 1 from Lx . Now, since
|Lx |, |Ly |3 and since Lx,Ly each contains at most one point of type (3), there exist points x′ ∈ Lx and y′ ∈ Ly of
type (2) such that d(x′, y′) = d(x, y) − 1. By the induction hypothesis, x′ and y′ are connected by a path which only
contains points of type (2). Hence, also x and y are connected by a path which entirely consists of points of type (2).
Case II: 1∩ = 2∩. Put 1∩={p1} and 2∩={p2}. Let p be a point of  not contained in (p1∩)∪(p2∩).
Put 3 = 〈p, p ∩ 1〉 and 4 = 〈p, p ∩ 2〉. Then 1 and 3 are two collinear points of type (2). Similarly, 2 and
4 are two collinear points of type (2). By the ﬁrst case, we know that 3 and 4 are connected by a path which
entirely consists of points of type (2). Hence, also 1 and 2 are connected by a path which entirely consists of points
of type (2). 
4. Proof of the Main Theorem
We prove the Main Theorem by induction on n. Let  be a symplectic polarity of PG(2n − 1, q), n2 and q = 2,
and let W(2n− 1, q) and DW(2n− 1, q) denote the corresponding polar and dual polar spaces. Let H be a hyperplane
of  := DW(2n − 1, q) without ovoidal quads. As mentioned before, the Main Theorem holds if n ∈ {2, 3}. In the
sequel, we will therefore suppose that n4 and that the Main Theorem holds for ﬁnite symplectic dual polar spaces
of rank smaller than n.
4.1. The structure of the hyperplane H
Let x be a point of the dual polar space . The convex subspaces through x deﬁne a projective space Res(x)
isomorphic to PG(n − 1, q). If x ∈ H , then H (x) (or (x) when no confusion is possible) denotes the set of lines
through x contained in H. The set (x) is a set of points of Res(x).
Lemma 4.1. For every point x of H, (x) is one of the following sets of points in the projective space Res(x):
(1) a hyperplane;
(2) the union of two distinct hyperplanes;
(3) the whole space.
Proof. Let  be a subspace of Res(x) of dimension at least 1. We will show the following by induction on dim():
(∗)  ∩ (x) is equal to either , a hyperplane of  or the union of two distinct hyperplanes of .
Case I: Suppose dim() = 1. Property (∗) then follows from the fact that every quad is either deep, singular or
subquadrangular.
Case II: Suppose dim() = 2. Let A denote the hex through x corresponding with . Then either A is deep or the
hyperplane A ∩ H of A corresponds with case (i), (ii) or (iii) of Proposition 1.2. In any case, we see that property (∗)
holds.
Case III: Suppose dim()=3. By the induction hypothesis, property (∗) holds for any line or plane of . If every line
of  intersects(x) in 1 or q+1 points, then ∩(x) is either  itself or a hyperplane of . So, wemay suppose that there
exists a line L in which intersects(x) in two points x1 and x2. Every plane of  through L intersects(x) in the union
of two lines. Hence, |(x)∩ | = 2q2 + q + 1. Let  be a plane of  through L and let Mi , i ∈ {1, 2}, denote the unique
line of ∩(x) through xi . Consider now all the planes of  through Mi . If none of these planes is contained in (x),
then |(x)∩|(q +1)+ (q +1)q =q2 +2q +1, contradicting |(x)∩|=2q2 +q +1. Hence, there exists a plane
i through Mi contained in(x)∩. Now, 1 ∪2 ⊆ (x)∩ and 2q2 +q +1=|1 ∪2| |(x)∩|=2q2 +q +1.
It follows that (x) ∩ = 1 ∪ 2.
Case IV: Suppose that dim()4 and that property (∗) holds for any subspace of dimension less than dim(). If
every line of  intersects (x) in either 1 or q + 1 points, then  ∩ (x) is either  itself or a hyperplane of . So,
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we may suppose that there exists a line L in  which intersects (x) in two points x1 and x2. For every plane  ⊆ 
through L, let k() denote the unique point of  such that  ∩ (x) is the union of the two lines k()x1 and k()x2.
Claim. The set K = {k() | a plane through L contained in } is a subspace of  with dim(K) = dim() − 2.
Let 1 and 2 be two distinct planes of  through L. By the induction hypothesis, the three-space 〈1, 2〉 intersects
(x) in the union of two planes 1 and 2. The line 1 ∩ 2 coincides with the line through k(1) and k(2), and every
point of 1 ∩ 2 is of the form k() for some plane  of 〈1, 2〉 through L. This proves that K is a subspace. Since L
is disjoint from K, dim(K) dim() − 2. Since every plane of  through L meets K, dim(K) = dim() − 2.
It is now obvious that  ∩ (x) = 〈K, x1〉 ∪ 〈K, x2〉. 
Deﬁnition. If x is a point of H such that case (1), (2), respectively (3) of Lemma 4.1 occurs, then we say that x has
type (1), (2), respectively (3) (with respect to H).
Example. The three possibilities (1), (2) and (3) of Lemma 4.1 can occur in a hyperplane of DW(2n − 1, q) without
ovoidal quads. Let G be a (q + 1) × (q + 1)-grid in a quad Q of DW(2n − 1, q), n2, and let H ′ be the hyperplane
of DW(2n − 1, q) obtained by extending G. There are a number of possibilities for a point x ∈ H ′.
• If d(x,Q)n − 4, then x has type (3), i.e. x is a deep point.
• If d(x,Q) = n − 3 with Q(x) /∈G, then x has type (1).
• If d(x,Q) = n − 3 with Q(x) ∈ G, then x has type (3).
• If d(x,Q) = n − 2 (so Q(x) ∈ G), then x has type (2).
Deﬁnition. Let P1, P2, respectively P3 denote the set of points of H which have type (1), (2), respectively (3) with
respect to H. Notice that P3 is the set of deep points. For every point x ∈ P2, let AH1 (x) and AH2 (x) denote the two
maxes through x such that (AH1 (x) ∪ AH2 (x)) ∩ x⊥ ⊆ H . Put
IH (x) := AH1 (x) ∩ AH2 (x).
If no confusion is possible, we will write I (x), A1(x) and A2(x) instead of IH (x), AH1 (x) and AH2 (x).
Lemma 4.2. A point of H belongs to P2 if and only if it is contained in a subquadrangular quad.
Proof. Apoint x ofH belongs toP2 if and only if there exists a line inRes(x) intersecting(x) in precisely two points.
Obviously, the lines of Res(x) which intersect (x) in precisely two points correspond with the subquadrangular
quads through x. 
Corollary 4.3. If P2 = ∅, then H is locally singular and the Main Theorem holds.
Proof. The hyperplane H is locally singular by Lemma 4.2. In the case q is even, the Main Theorem then follows from
Proposition 1.1. If q is odd, then by Proposition 1.3, the hyperplane H is singular and therefore of subspace-type. 
Assumption. In the sequel we shall assume that P2 = ∅.
Regarding the set P3, we can say the following.
Lemma 4.4. The set P3 is a subspace of .
Proof. Let x1 and x2 be two distinct collinear points of P3 and let x3 denote a point on the line x1x2 different from x1
and x2. We must show that every line L through x3 is contained in H. Obviously, this holds if L = x1x2. So, suppose
L = x1x2 and let Q be the quad 〈L, x1x2〉. Every point of x⊥1 ∩Q and x⊥2 ∩Q is contained in Q. So, Q is a deep quad
and L ⊆ H . 
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Lemma 4.5. The following holds for every point x ∈ P2.
(i) If y ∈ I (x) with d(y, x)n − 3, then y ∈ H .
(ii) If y′ ∈ (A1(x) ∪ A2(x))\I (x) with d(y′, x)n − 2, then y′ ∈ H .
Proof. In (i), let y′ be a point of A1(x)\I (x) collinear with y. In (ii), let y be the unique point of I (x) collinear with
y′. In both cases, we have d(x, y)n − 3 and d(x, y′)n − 2. Now, let M denote a max through x, y and y′ such
that diam(M ∩ I (x)) = n − 3, diam(M ∩ A1(x)) = n − 2 and diam(M ∩ A2(x)) = n − 2. The point x of M ∩ H has
type (2) with respect to the hyperplane H ′ := M ∩ H of M. So, the hyperplane H ′ cannot be locally singular. By the
induction hypothesis, H ′ is a hyperplane of subspace-type. By Section 3, IH ′(x), AH ′1 (x) and AH
′
2 (x) are contained
in H ′. Now, IH ′(x) = IH (x) ∩ M and {AH ′1 (x), AH
′
2 (x)} = {AH1 (x) ∩ M,AH2 (x) ∩ M}. It follows that y and y′ are
contained in H. 
Lemma 4.6. For every point x ∈ P2, I (x) ⊆ H .
Proof. Suppose that there exists a point y ∈ I (x)\H . Then d(y, x) = n − 2 by Lemma 4.5 and there exists a point
y′ ∈ I (x) collinear with y at distance n − 3 from x. Consider the hyperplane H ∩ A1(x) of A1(x). By Lemma 4.5,
every line through y′ contained in 〈y′, x〉 is contained in H and every line of A1(x) through y′ not contained in I (x) is
also contained in H. Now, let Q denote a quad of A1(x) through yy′ not contained in I (x). Every line of Q through y′
different from yy′ is contained in H. Since q = 2, this implies that also the line yy′ is contained in H, in contradiction
with y /∈H . Hence, I (x) ⊆ H . 
Corollary 4.7. Let x be a point of P2. Then for every i ∈ {1, 2}, ∗n−2(x) ∩ Ai(x) ⊆ H .
Lemma 4.8. Let x be a point of P2. Then on every line L through x in I (x), there is a unique point xL belonging to
P3, and it holds L\{xL} ⊆ P2. For every x′ ∈ L\{xL}, it holds I (x) = I (x′) and {A1(x), A2(x)} = {A1(x′), A2(x′)}.
Proof. By Corollary 4.7, y⊥ ∩ (A1(x) ∪ A2(x)) ⊆ H for every point y ∈ L. So, every point of L belongs to P2 ∪ P3.
Now, let Q denote a quad through L not contained in A1(x) ∪ A2(x). Then Q is singular with respect to H, since
L ⊆ H and (x⊥ ∩ H) ∩ Q = L. If xL is the deep point of Q with respect to H, then x⊥L ∩ Q ⊆ H and hence xL ∈ P3.
By Lemma 4.4, L\{xL} ⊆ P2. For every x′ ∈ L\{xL}, {A1(x), A2(x)} = {A1(x′), A2(x′)} and I (x) = I (x′) since
x′⊥ ∩ (A1(x) ∪ A2(x)) ⊆ H by Corollary 4.7. 
Lemma 4.9. If x ∈ P2, then A1(x) ∪ A2(x) ⊆ H .
Proof. Let i ∈ {1, 2}. By Lemma 4.8, there exists an x′ ∈ 1(x) ∩ P2 such that I (x) = I (x′) and {A1(x), A2(x)} =
{A1(x′), A2(x′)}. Without loss of generality, we may suppose that A1(x) = A1(x′) and A2(x) = A2(x′). By Corollary
4.7, the subspace Ai(x) ∩ H of Ai(x) contains ∗n−2(x) ∩ Ai(x) and ∗n−2(x′) ∩ Ai(x). Now, ∗n−2(x) ∩ Ai(x) ⊆ H
and ∗n−2(x′)∩Ai(x) ⊆ H are maximal proper subspaces of Ai(x). It follows that Ai(x)∩H =Ai(x), in other words
Ai(x) ⊆ H . 
Corollary 4.10. (1) Every point of P2 is contained in precisely two deep maxes.
(2) Let L be a line of H which is contained in at least one subquadrangular quad. Then L is contained in a unique
deep max.
Lemma 4.11. If x ∈ P2, then I (y) = I (x) for every point y ∈ I (x) ∩ P2.
Proof. Let M1 and M2 denote the two deep maxes through x. Then I (x) = M1 ∩ M2. Hence, M1 and M2 are also the
two deep maxes through y and I (y) = M1 ∩ M2 = I (x). 
LetM denote the set of all deep maxes containing points of P2.
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Lemma 4.12. Let M ∈M and let x and y be two points of P2 ∩ M . Then either I (x) = I (y) or I (x) ∩ I (y) ⊆ P3.
Proof. Since A1(x) ⊆ H and A2(x) ⊆ H , every point of I (x) belongs to P2 ∪ P3. If z is a point of I (x)∩ I (y)∩ P2,
then I (x) = I (z) = I (y) by Lemma 4.11. 
The proof of the following lemma is straightforward.
Lemma 4.13. If M ∈M and if x ∈ M ∩ P2, then I (x) ⊆ M .
Lemma 4.14. If x ∈ P2, then I (x) ⊆ P2 ∪ P3 and H(x) := I (x) ∩ P3 is a hyperplane of I (x).
Proof. Since A1(x) ⊆ H and A2(x) ⊆ H , every point of I (x) belongs to P2 ∪ P3. The claim follows from Lemmas
4.8 and 4.11. 
Lemma 4.15. Let M ∈M and let x ∈ P2 ∩ M . Then every line L of M through x not contained in I (x) only contains
points of P2.
Proof. Let M ′ denote the other deep max through x. Then I (x) = M ∩ M ′. Let L′ denote a line of M ′ through x not
contained in I (x). Then the quad 〈L,L′〉 is subquadrangular, since x ∈ P2. Hence, L ∪ L′ ⊆ P2 by Lemma 4.2. 
Corollary 4.16. Let M ∈M, let x be a point of P2 ∩M and let L1, L2, . . . , Lk denote the lines through x containing
a point of P3 ∩ M . Then I (x) = 〈L1, . . . , Lk〉.
Proof. By Lemmas 4.14 and 4.15, the lines L1, . . . , Lk are precisely the lines through x contained in I (x). 
Lemma 4.17. LetM ∈M and let x and y be two points ofP2∩M such that I (x)∩I (y)=∅.ThenH(y)=I (y)(H(x)).
Proof. By Lemmas 4.11 and 4.15, I (y)(I (x)\H(x)) is contained in P2. Hence, H(y) ⊆ I (y)(H(x)). Since H(y) is
a maximal subspace of I (y), we necessarily have H(y) = I (y)(H(x)). 
Lemma 4.18. Let M ∈ M, let x ∈ M ∩ P2 and let x′ be a point of 1(x) ∩ M not contained in I (x). Then I (x′) is
disjoint from I (x).
Proof. By Lemma 4.15, xx′ ⊆ P2. Hence, xx′I (x′) by Lemma 4.14. It now follows that I (x) and I (x′) are disjoint.

Lemma 4.19. For every x ∈ P2, the hyperplane H(x) of I (x) does not admit ovoidal quads.
Proof. LetA denote a max through I (x) different fromA1(x) andA2(x). Since I (x) ⊆ P2 ∪P3, the hyperplaneH ∩A
of A is the extension of the hyperplane H(x) of I (x). Since H does not admit ovoidal quads, the hyperplane H ∩ A of
A does also not admit ovoidal quads. It follows that H(x) also does not admit ovoidal quads. 
Lemma 4.20. No point of P1 is collinear with a point of P2.
Proof. Suppose that the point x ∈ P1 is collinear with the point y ∈ P2. Without loss of generality, we may suppose
that x ∈ A1(y). Now, I (y) ⊆ A1(y) and I (y) do not contain the point x since x ∈ P1 by Lemma 4.14. But then by
Lemma 4.15, the line xy must be contained in P2 which is clearly not the case. 
Lemma 4.21. If a line L ⊆ H contains a point of P1, then either all points of L belong to P1, or precisely one point
of L belongs to P3 and the remaining points belong to P1.
Proof. If two distinct points of P3 belong to L, then L ⊆ P3 by Lemma 4.4, contradicting the fact that L∩P1 = ∅. So
by Lemma 4.20, either all points of L belong to P1, or precisely one point of L belongs to P3 and the remaining points
belong to P1. 
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Lemma 4.22. If a deep max M contains a point of P1, then M ⊆ P1 ∪ P3.
Proof. Suppose the contrary. Let u ∈ P1 and v ∈ P2 be points of M with d(u, v) as small as possible. By Lemma
4.20, d(u, v)2. The convex subspace I (v) is contained in M and only contains points of P2 ∪ P3 by Lemma 4.14.
Hence, u /∈ I (v). Put u′ := I (v)(u) and let L denote an arbitrary line of M through u different from uu′ such that
L′ := I (v)(L) ⊆ 〈v, u′〉. By Lemma 4.21, at most one point of L does not belong to P1. By Lemma 4.20 and the
fact that I (v) ⊆ P2 ∪ P3, it follows that at most one point of L′ does not belong to P3. It follows that L′ ⊆ P3 since
P3 is a subspace. So, v /∈L′ and d(v, u′)2. Let y denote the unique point of L′ nearest to v. Let L′′ denote a line of
〈v, u′〉through v not contained in 〈v, y〉. Then L′′ contains a unique point z of P3 by Lemma 4.14. Now, every point of
L′′ has distance d(v, u′) − 1 from a (unique) point of L′. Since |L′|, |L′′|3, there exists a point v1 ∈ L′′\{z} and a
point u1 ∈ L ∩ P1 such that d(v1, I (v)(u1)) = d(v, u′) − 1. Hence, u1 ∈ P1, v1 ∈ P2 and d(u1, v1) = d(u, v) − 1, a
contradiction. 
Lemma 4.23. If a deep max M contains a point of P1, then M ∩ P3 is a hyperplane of M.
Proof. Let L denote a line of M containing a point x of P1 and let Q be a quad through L not contained in M. Since
x⊥ ∩Q=L, Q is singular. The deep point y of Q necessarily is contained in P3. Since P3 is a subspace, L∩P3 = {y}.
The lemma now readily follows. 
Lemma 4.24. If there exists a deep max M containing a point of P1, then H is a hyperplane of subspace-type which
extends a hyperplane of M.
Proof. Let G denote the hyperplaneM∩P3 of M. By Lemma 4.22, H consists of those points ofwhich have distance
at most 1 from G. So, the hyperplane H is the extension of G. Let M ′ denote a max disjoint from M. By the induction
hypothesis, the hyperplane M ′ ∩ H of M ′ is either locally singular or a hyperplane of subspace-type. Hence, also the
hyperplane G of M which is isomorphic to H ∩ M ′ is either locally singular or a hyperplane of subspace-type. Now,
the extension of a locally singular hyperplane is again locally singular and by Proposition 4 of [7], the extension of a
hyperplane of subspace-type is again a hyperplane of subspace-type. Since we assumed P2 = ∅, the hyperplane cannot
be locally singular. This proves the lemma. 
4.2. The case n = 4
In this section, we suppose that n = 4. If x ∈ P2, then by Lemma 4.19, H(x) is either a singular hyperplane or a
(q + 1) × (q + 1)-subgrid of the generalized quadrangle I (x). So, we can distinguish two cases.
(I) All hyperplanes H(x), x ∈ P2, are singular.
(II) There exists an x∗ ∈ P2 such that H(x∗) is a (q + 1) × (q + 1)-grid of the quad I (x∗).
If case (I) occurs, then we show that the hyperplane H is the extension of a (q + 1) × (q + 1)-grid. If case (II) occurs,
then we show that the hyperplane H is isomorphic to Hyp(7, q). This will prove Proposition 1.5.
Treatment of case (I): Suppose that all hyperplanes H(x), x ∈ P2, are singular. We will show that the hyperplane H
is the extension of a (q + 1) × (q + 1)-grid. For every point x ∈ P2, let f (x) denote the deepest point of the singular
hyperplane H(x) of I (x).
Lemma 4.25. For every M ∈M, there exists a unique line g(M) containing all points f (x), x ∈ M ∩P2. Moreover,
M ∩ P3 = {x ∈ M | d(x, g(M))1} and M ∩ P2 = {x ∈ M | d(x, g(M)) = 2}.
Proof. Let u1 be an arbitrary point of M ∩ P2 and let {u1, u2, . . . , uq+1} be a line of M through u1 not contained
in I (u1). Then I (u1) ∩ I (u2) = ∅ and H(u2) = I (u2)(H(u1)) by Lemmas 4.17 and 4.18. Consider now the set

(I (u1), I (u2)) (cf. Lemma 2.1) and let L be a line meeting I (u1) and I (u2). There are two possibilities.
(i) Suppose that the points L ∩ I (u1) and L ∩ I (u2) belong to P3. Then L ⊆ P3 by Lemma 4.4.
(ii) Suppose that the points L ∩ I (u1) and L ∩ I (u2) belong to P2. Then L ⊆ P2 by Lemmas 4.11 and 4.15.
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So, P3 ∩ A is a singular hyperplane of A for every A ∈ 
(I (u1), I (u2)). By Corollary 4.16, 
(I (u1), I (u2)) =
{I (u1), I (u2), . . . , I (uq+1)}. For every i ∈ {2, . . . , q + 1}, H(ui)= I (ui )(H(u1)) and hence f (ui)= I (ui )(f (u1)).
It follows that L := {f (u1), f (u2), . . . , f (uq+1)} is a line of M.
Step 1: We show that 2(L) ∩ M ⊆ P2. Suppose x is a point of M at distance 2 from L. Then there exists an
i ∈ {1, . . . , q + 1} such that d(x, f (ui)) = 3. If x′ is the unique point of I (ui) collinear with x, then x′ ∈ P2 since
d(x′, f (ui)) = 2. By Lemmas 4.11 and 4.15, also x ∈ P2. Hence, 2(L) ∩ M ⊆ P2.
Step 2: Let x denote an arbitrary point of M ∩ P2. We will show that L meets I (x). Suppose that L is disjoint from
I (x). Then there exists a lineL′ in I (x) at distance 1 from I (x)(L). The lineL′ has distance 2 from L and is completely
contained in P2 by Step 1. This contradicts the fact that H(x) = P3 ∩ I (x) is a hyperplane of I (x).
Step 3: We will show that {x ∈ M | d(x, L)1} ⊆ P3. Let x be an arbitrary point of M at distance at most 1 from
L. Then there exists a quad A in M which contains x and which intersects L in a unique point. Let x′ be a point in
A ∩ 2(L). Then x′ ∈ P2 by Step 1. By Step 2, I (x′) = A and since 2(L) ∩ A ⊆ P2, the point f (x′) coincides with
the unique point in A ∩ L. Since d(f (x′), x) = d(L, x)1, x ∈ P3.
We have shown that every quad I (x), x ∈ M ∩ P2, meets L. Since every quad of M through L is contained in P3
(Step 3), no quad I (x), x ∈ M ∩ P2, contains L. Hence, for every x ∈ M ∩ P2, I (x) meets L in the point f (x). This
proves the lemma. 
Now, consider a subquadrangular quad Q of  and put Q ∩ H = {xij | 1 i, jq + 1}. Without loss of generality,
we may suppose that xij is collinear with xi′j ′ if and only if either i = i′ or j = j ′. Put
Li = {xij ′ | j ′ ∈ {1, . . . , q + 1}}
and
Mj = {xi′j | i′ ∈ {1, . . . , q + 1}}
for all i, j ∈ {1, . . . , q + 1}. For all i, j ∈ {1, . . . , q + 1}, let Ai , respectively Bj , denote the unique deep max through
Li , respectively Mj , see Corollary 4.10. Put Iij = I (xij ). Obviously, Iij = Ai ∩ Bj . The points f (xij ) and the lines
g(Ai), g(Bj ) (i, j ∈ {1, . . . , q + 1}) deﬁne a subgrid G∗ of . Let Q∗ denote the unique quad containing the grid G∗.
Lemma 4.26. If x is a point at distance at most 1 from Q∗, then x ∈ H .
Proof. Obviously, this holds if x ∈ A1. So, suppose x /∈A1. Then d(A1(x), g(A1))1. Hence, A1(x) ∈ P3 (by
Lemma 4.25) and x ∈ H . 
Lemma 4.27. Let x be a point at distance 2 from Q∗ such that Q∗(x) ∈ G∗. Then x ∈ H .
Proof. Let i, j ∈ {1, . . . , q + 1} such that f (xij ) = Q∗(x). We distinguish two cases.
(1) Suppose that the quad 〈x, f (xij )〉 is contained in Ai . Then x ∈ H since Ai ⊆ H .
(2) Suppose that 〈x, f (xij )〉 is not contained in Ai . Then 〈x, f (xij )〉 ∩ Ai is a line containing the point f (xij ) of
g(Ai). By Lemma 4.25, every point of 〈x, f (xij )〉∩Ai is deep.As a consequence, 〈x, f (xij )〉 ⊆ H . In particular,
x ∈ H . 
Theorem 4.28. The hyperplane H is the extension of the grid G∗.
Proof. LetH ∗ be the hyperplane of obtained by extending the (q+1)× (q+1)-gridG∗. ThenH ∗ ⊆ H by Lemmas
4.26 and 4.27. Hence, H ∗ = H , since H ∗ is a maximal subspace. 
Treatment of case (II): Suppose x∗ is a point of P2 such that H(x∗) is a (q + 1) × (q + 1)-grid of the quad I (x∗).
We will show that the hyperplane H is isomorphic to Hyp(7, q).
Let M denote one of the two deep hexes through I (x∗) and let y ∈ (1(x∗)∩M)\I (x∗). Then I (y) is disjoint from
I (x∗) by Lemma 4.18. By Lemma 4.17, H(y) = I (y)(H(x∗)).
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Consider the set 
(I (x∗), I (y)) and let L be a line meeting I (x∗) and I (y). There are two possibilities.
(i) Suppose that the points L ∩ I (x∗) and L ∩ I (y) belong to P3. Then L ⊆ P3 by Lemma 4.4.
(ii) Suppose that the points L ∩ I (x∗) and L ∩ I (y) belong to P2. Then L ⊆ P2 by Lemmas 4.11 and 4.15.
Hence, P3 ∩ Q is a (q + 1) × (q + 1)-grid for every quad Q ∈ 
(I (x∗), I (y)). By Corollary 4.16, 
(I (x∗), I (y)) =
{I (z) | z ∈ x∗y}.
There are 2(q + 1) quads which intersect I (x∗) in a line of H(x∗) and I (y) in a line of H(y). We denote these
quads by Q1, . . . ,Qq+1, R1, . . . , Rq+1. Without loss of generality, we may suppose that Qi ∩ Qj = Ri ∩ Rj = ∅ for
all i, j ∈ {1, . . . , q + 1} with i = j .
We show that P3 ∩ M ⊆ Q1 ∪ · · · ∪ Qq+1 ∪ R1 ∪ · · · ∪ Rq+1. Let z denote an arbitrary point of P3 ∩ M . If z is
contained in a quad of 
(I (x∗), I (y)), then obviously z ∈ Q1 ∪ · · · ∪ Qq+1 ∪ R1 ∪ · · · ∪ Rq+1. We will therefore
suppose that z is not contained in any quad of 
(I (x∗), I (y)). Then the points I (x∗)(z) and I (y)(z) are not collinear.
So, d(I (x∗)(z), I (y)(z)) = 2. By Lemmas 4.11 and 4.15, I (x∗)(z) ∈ H(x∗) and I (y)(z) ∈ H(y). Since H(y) =
I (y)(H(x∗)), the quad 〈I (x∗)(z), I (y)(z)〉 coincideswith one of the quads of the set {Q1,Q2, . . . ,Qq+1, R1, R2, . . . ,
Rq+1}. The statement now follows from the fact that z ∈ 〈I (x∗)(z), I (y)(z)〉.
Now, let y′ denote an arbitrary point of (1(x∗)∩M)\I (x∗) not contained in the line x∗y. By Lemma 4.18, I (y′) is
disjoint from I (x∗) and by Lemma 4.17, H(y′)=I (y′)(H(x∗)). Now, let x1, x2 and x3 be three mutually noncollinear
points of H(y′). Since x1, x2, x3 ∈ (Q1 ∪· · ·∪Qq+1)∪ (R1 ∪· · ·∪Rq+1), there exists a subset of size 2 of {x1, x2, x3}
which is contained inQ1 ∪· · ·∪Qq+1 orR1 ∪· · ·∪Rq+1.Without loss of generality, we may suppose that x1 ∈ Q1 and
x2 ∈ Q2. Let Li , i ∈ {1, 2}, denote the line of H(y′) through xi contained in Qi , i.e. Li =I (y′)(Qi ∩H(x∗)). If L is a
line of H(y′) disjoint from L1 and L2, then L is contained in one of the quads of 
(Q1,Q2) = {Q1,Q2, . . . ,Qq+1}.
Hence, I (y′) intersects each of the quads Q1, . . . ,Qq+1 in a line. Let V denote the set of points which are contained
in a quad of {Q1, . . . ,Qq+1} and a quad of {R1, . . . , Rq+1}, i.e. V =⋃z∈x∗y H(z). Then every point of V is deep.
Now, consider an arbitrary quad Qi , i ∈ {1, . . . , q + 1}. The intersection Qi ∩ V is a subgrid of Qi consisting of deep
points. Now, the line I (y′) ∩ Qi is not contained in Qi ∩ V (since y′ /∈ x∗y) and contains only deep points. It follows
that all points of Qi are deep, since Qi ∩ P3 is a subspace of Qi by Lemma 4.4. Hence, Q1 ∪Q2 ∪ · · · ∪Qq+1 ⊆ P3.
LetN denote the deep hex through I (x∗) different fromM and let u be a point ofN\M collinear with x∗. Then u ∈ P2
and I (u) ⊆ N is disjoint from I (x∗). Let M ′ denote the deep hex through I (u) different from N. Then M and M ′ are
two disjoint deep hexes. Hence, also every hex of 
(M,M ′) = {M1, . . . ,Mq+1} is deep. Let Ni , i ∈ {1, . . . , q + 1},
denote the hex through Qi meeting every hex of 
(M,M ′) in a quad. Since Q1 ∪ · · · ∪ Qq+1 ⊆ P3, Ni is deep. Let
X denote the set of points of  which are contained in a hex of {M1, . . . ,Mq+1} and a hex of {N1, . . . , Nq+1}. By [7,
Section 3], the set ∗1(X) is a hyperplane of  isomorphic to Hyp(7, q). We will show that ∗1(X) ⊆ H . From the fact
that ∗1(X) is a maximal subspace, it then follows that H = ∗1(X).
Obviously, X ⊆ H . We will now show that also 1(X) ⊆ H . So, consider an arbitrary point x ∈ 1(X). Let x1
denote a point of X collinear with x and put x′ := M(x) and x′1 := M(x1). If x ∈ M or x′ ∈ P3, then x ∈ H and we
are done. So, suppose that x /∈M and x′ ∈ P2 (x′ ∈ P1 is impossible). Then the line xx1 is certainly disjoint from M
and it follows that x′ and x′1 are collinear. Also, x′1 ∈ Q1 ∪ · · · ∪ Qq+1. Now, let Qx′ denote the unique quad through
x′ meeting each quad Qi , i ∈ {1, . . . , q + 1}, in a line, see Lemma 2.2. Since the grid Qx′ ∩ (Q1 ∪ · · · ∪Qq+1) of Qx′
is contained in P3, I (x′) = Qx′ by Corollary 4.16. Since x′1 and x′ are collinear and x′1 ∈ Q1 ∪ · · · ∪ Qq+1, it follows
x′1 ∈ Qx′ . Now, the unique deep hex A through I (x′) different from M coincides with the unique hex through I (x′)
meeting each of the hexes of 
(M,M ′) in a quad. It follows that x1 ∈ A. Now, x is collinear with two different points
of A, namely x′ and x1. So, x ∈ A and hence x ∈ H .
This proves that H = ∗1(X). Hence, the hyperplane H is isomorphic to Hyp(7, q).
4.3. The case n5
If there exists a deep max containing a point of P1, then H is a hyperplane of subspace-type by Lemma 4.24. In
the sequel, we suppose therefore that every deep max is contained in P2 ∪ P3. Notice that there exist deep maxes by
Lemma 4.9 and the fact that P2 = ∅. Deﬁne the following relation R on the setM of deep maxes. Let M1,M2 ∈M.
• If M1 = M2, then (M1,M2) ∈ R.
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• If M1 and M2 are disjoint, then (M1,M2) ∈ R.
• If M1 ∩ M2 = ∅, then (M1,M2) ∈ R if and only if M1 ∩ M2 ⊆ P3.
Lemma 4.29. The relation R is an equivalence relation.
Proof. Obviously, R is reﬂexive and symmetric. We prove that R is also transitive. Let M1, M2 and M3 be three maxes
such that (M1,M2) ∈ R and (M2,M3) ∈ R. We will show that (M1,M3) ∈ R. We may suppose that M1, M2 and M3
are mutually different.
Case I:M1∩M2=∅ and ∅ = M2∩M3 ⊆ P3. IfM3 is disjoint fromM1, then we are done. So, supposeM1∩M3 = ∅.
Let y denote an arbitrary point of M1 ∩ M3, let Ly denote the unique line through y meeting M2 in a point z and let Q
denote an arbitrary quad through Ly . Then z⊥ ∩ Q ⊆ H and Q ∩ M1 ⊆ H . It follows that Q is deep. Since Q was an
arbitrary quad, y ∈ P3. This proves that M1 ∩ M3 ⊆ P3 and that (M1,M3) ∈ R.
Case II: M1 ∩ M2 = ∅ and M2 ∩ M3 = ∅. Suppose that (M1,M3) /∈R. Then M1 ∩ M3 = ∅ and there exists a point
y ∈ M1 ∩ M3 ∩ P2. Let Ly denote the unique line through y meeting M2. Then Ly ⊆ H . Now, {A1(y), A2(y)} =
{M1, 〈I (y), Ly〉}. Hence, M3 = 〈I (y), Ly〉, contradicting the fact that M2 and M3 are disjoint.
Case III: M2 ∩ M3 = ∅ and ∅ = M1 ∩ M2 ⊆ P3. Similarly as in Case I, one shows that (M1,M3) ∈ R.
Case IV: ∅ = M1 ∩ M2 ⊆ P3 and ∅ = M2 ∩ M3 ⊆ P3. If M1 ∩ M2 = M2 ∩ M3, then M1 ∩ M3 = ∅ and
M1 ∩ M3 = M1 ∩ M2 ⊆ P3, proving that (M1,M3) ∈ R. If M1 ∩ M2 and M2 ∩ M3 are disjoint, then also M1 and M3
are disjoint and we are done. So, we may suppose that diam(M1 ∩M2)= diam(M1 ∩M3)= diam(M2 ∩M3)= n− 2,
diam(M1 ∩ M2 ∩ M3) = n − 3, M1 ∩ M2 ⊆ P3 and M2 ∩ M3 ⊆ P3.
Suppose that there exists a point y in (M1 ∩ M3 ∩ P2)\M2, let y′ denote the unique point of M2 collinear with y
(so, y′ ∈ M1 ∩ M2 ∩ M3), let Q denote a quad through yy′ not contained in M1 ∪ M3 and let z be an arbitrary point
of Q ∩ M2\{y′}. Since y ∈ P2, Q is not deep. Now, y′⊥ ∩ Q ⊆ H since y′ ∈ P3. So, Q is singular with deep point
y′. It follows that z ∈ P2. By Lemma 4.15, y′z ⊆ I (z). So, I (z) ∩ M1 ∩ M2 and I (z) ∩ M3 ∩ M2 have diameter
n − 3. Now, let R be a quad of M2 through zy′ not contained in I (z) ∪ 〈z,M1 ∩ M2 ∩ M3〉. Then R intersects Mi ,
i ∈ {1, 3}, in a line Li which is not contained in M1 ∩M2 ∩M3. Let A be the hex 〈R, yy′〉. Since y ∈ P2, A contains a
subquadrangular quad through y. It follows that the hyperplane A ∩ H is the extension of a subgrid G∗ of a quad Q∗.
Since L1, L3 ⊆ P3, L1, L3 ⊆ G∗ and hence Q∗ = R. Now, let M ′2 denote the unique deep max through z different
from M2. Then M ′2 ∩A is a deep quad of A through z which necessarily coincides with Q∗ =R (z ∈ Q∗\G∗). But this
would imply that R ⊆ I (z), a contradiction. Hence, M1 ∩ M3 ⊆ P3 and (M1,M3) ∈ R. 
Lemma 4.30. Every two points of P2 are contained in a path which is entirely contained in P2.
Proof. Let x and y be two points of P2. We will prove by induction on d(x, y) that x and y are contained in a path
which is entirely contained in P2. Obviously, this holds if d(x, y)1.
Suppose d(x, y) = 2. Let Q be a quad through x and y. Suppose Q is subquadrangular or deep. Then Q contains
a line L1 ⊆ H through x and a line L2 ⊆ H through y such that L1 and L2 are disjoint. Since |L1|, |L2|3,
|L1 ∩P3|, |L2 ∩P3|1 and |L1 ∩P1|= |L2 ∩P1|=0 (Lemmas 4.4 and 4.20), there exist collinear points x1 ∈ L1 ∩P2
and y1 ∈ L2 ∩ P2. The points x, x1, y1, y now deﬁne a path between x and y only containing points of P2. Suppose
Q is singular with deep point z. If z ∈ P2, then the path x, z, y satisﬁes all required properties. Suppose, therefore,
that z ∈ P3. By Lemma 4.15, the convex subspaces I (x) and I (y) contain z. The spaces A1(x), A2(x), A1(y) and
A2(y) are mutually different since x and y are not contained in a deep quad. So, diam(A1(x) ∩ A1(y)) = n − 2. Also,
diam(A1(x) ∩ A1(y) ∩ I (y)) = n − 3 and diam(A1(x) ∩ A1(y) ∩ I (x)) = n − 3. Hence, there exists a line L1 in
A1(x) ∩ A1(y) through z not contained in I (x) ∪ I (y).Similarly, there exists a line L2 ∈ A2(x) ∩ A2(y) through z
not contained in I (x) ∪ I (y). Consider now the convex subpolygon F = 〈L1, L2, xz, yz〉 and let G be the hyperplane
H ∩ F of F. In the quad 〈Li, zy〉, i ∈ {1, 2}, there exists a line L′i through y not contained in I (y). Since y ∈ P2, the
quad 〈L′1, L′2〉 ⊆ F is subquadrangular. It follows that the point y ∈ G has type (2) with respect to the hyperplane G
of F. In a similar way one proves that also the point x ∈ G has type (2) with respect to the hyperplane G of F. Now,
diam(F )4. By the induction hypothesis, the hyperplane G of F is a hyperplane of subspace-type. By Lemma 3.4,
there exists a path in F connecting the points x and y which only contains points of Gwhich have type (2) with respect to
the hyperplane G of F. Now, every point of G which has type (2) with respect to the hyperplane G of F has also type (2)
with respect to the hyperplaneH of. It follows that x and y are connected by a path which only consists of points ofP2.
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Suppose d(x, y)3. Since x, y ∈ P2, there exists a max F1 in 〈x, y〉 through x such that x⊥ ∩ F1 ⊆ H . Similarly,
there exists a max F2 in 〈x, y〉 through y such that y⊥ ∩F2 ⊆ H . Then diam(F1), diam(F2)2 since diam(〈x, y〉)3.
So, there exists a lineL1 in F1 through x not meeting F2. If z denotes the unique point ofL1 at distance d(x, y)−1 from
y, then 〈z, y〉 = F2. So, there exists a lineL2 inF2 through y not contained in 〈y, z〉. Now, every point ofL1 has distance
d(x, y) − 1 from a (unique) point of L2. Since |L1|, |L2|3, |L1 ∩ P3|, |L2 ∩ P3|1 and |L1 ∩ P1| = |L2 ∩ P1| = 0
(Lemmas 4.4 and 4.20), there exists a point x1 ∈ L1 ∩ P2 and a point y1 ∈ L2 ∩ P2 at distance d(x, y) − 1 from each
other. By the induction hypothesis, the two points x1 and y1 of P2 are connected by a path which is entirely contained
in P2. Hence, also x and y are connected by a path which is entirely contained in P2. 
Deﬁnition. For every point x of P2 and every i ∈ {1, 2}, let Ci (x) denote the equivalence class of R containing the
element Ai(x).
Lemma 4.31. If x and y are two collinear points of P2, then {C1(x),C2(x)} = {C1(y),C2(y)}.
Proof. If I (x)= I (y), then {A1(x), A2(x)} = {A1(y), A2(y)} and hence {C1(x),C2(x)} = {C1(y),C2(y)}. Suppose,
therefore, that I (x) = I (y). Then 〈y, I (x)〉 is a deep max. Without loss of generality, we may suppose that A1(x) =
A1(y)=〈y, I (x)〉. So, C1(x)=C1(y). By Lemma 4.18, I (y) is disjoint from I (x). Hence, also A2(y) is disjoint from
A2(x). Hence, C2(x) = C2(y). 
Lemma 4.32. The equivalence relation R has precisely two equivalence classes C1 and C2.
Proof. By Lemmas 4.30 and 4.31, there are two equivalence classes C1 and C2 such that {C1,C2} = {C1(x),C2(x)}
for every point x of P2. Now, let M denote an arbitrary deep max and let C denote the equivalence class containing M.
Since H = , M is not entirely contained in P3. If x ∈ M ∩P2, then M ∈ {A1(x), A2(x)}, proving that C ∈ {C1,C2}.

Let i , i ∈ {1, 2}, be the set of points of W(2n − 1, q) corresponding with the maxes of Ci . Every maximal totally
isotropic subspace meeting 1 ∪ 2 belongs to H.
Lemma 4.33. The set i is a subspace.
Proof. Let x1 and x2 be two distinct points of i and M1 and M2 be the corresponding deep maxes of . Let
{x1, . . . , xq+1} denote the line of PG(2n − 1, q) through x1 and x2 and let Mj , j ∈ {3, . . . , q + 1}, denote the
max corresponding with xj .
Suppose x1x2 is a hyperbolic line of W(2n − 1, q). Then M1,M2, . . . ,Mq+1 are mutually disjoint. Every line
meeting M1 and M2 also meets every Mj , j ∈ {3, . . . , q + 1}. It follows that all the maxes M1,M2, . . . ,Mq+1 are
deep and belong to the equivalence class Ci of R. This proves that x1x2 ⊆ i .
Supposex1x2 is a line ofW(2n−1, q). Then there exists a convex subspaceAof diametern−2 in andM1, . . . ,Mq+1
are the q + 1 maxes through A. Since A ⊆ P3, all the maxes M1, . . . ,Mq+1 are deep and belong to the equivalence
class Ci of R. This proves that x1x2 ⊆ i . 
Lemma 4.34. Let M denote an arbitrary deep max of C1. Then for every point x of M, there exists a max Mx ∈ C2
containing x.
Proof. If x ∈ P2, then we are done. So, suppose x ∈ P3. Let y denote a point of M ∩ P2 with d(x, y) as small as
possible. Every line of 〈x, y〉 through y contains a point at distance d(x, y) − 1 from x. This point belongs to P3 and
hence is contained in I (y) by Lemma 4.15. It follows that 〈x, y〉 ⊆ I (y). So, if Mx denotes the unique deep max
through y different from M, then M ∈ C2 and x ∈ Mx . 
Corollary 4.35. Let M denote a deep max of C1 and let u denote the unique point of 1 corresponding with M. Then
every maximal totally isotropic subspace of W(2n − 1, q) containing u meets 2.
Lemma 4.36. We have dim(2) = n − 1.
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Proof. Suppose dim(2)n. Then every maximal totally isotropic subspace of W(2n − 1, q) meets 2 and hence
belongs to H, a contradiction.
Suppose dim(2)n−2. Let u denote an arbitrary point of 1. The subspaces of PG(2n−1, q) through u contained
in u deﬁne a projective space u/u of dimension 2n− 3 and the totally isotropic subspaces of PG(2n− 1, q) through
u deﬁne a polar space W(2n − 3, q) in u/u. The space 〈2 ∩ u, u〉 has dimension at most n − 2 in u/u. One easily
proves (see e.g. Lemma 1 of [7]) that there exists a maximal singular subspace inW(2n−3, q) disjoint from 〈2∩u, u〉
(in u/u). This implies that there exists a maximal totally isotropic subspace through u disjoint from 2, contradicting
Corollary 4.35.
Hence, dim(2) = n − 1. 
The following lemma ﬁnishes the proof of our Main Theorem.
Lemma 4.37. The hyperplane H is of subspace-type.
Proof. The hyperplaneH2 of subspace-type is contained inH and is a maximal subspace ofDW(2n−1, q). It follows
that H = H2 . 
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